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Leibniz’s Modal Picture I '

From the Theodicy:

I will now show you some [worlds], wherein shall be found, not
absolutely the same Sextus as you have seen (that is not possible,
he carries with him always that which he shall be) but several
Sextuses resembling him, possessing all that you know already of
the true Sextus, but not that is already in him imperceptibly, nor in
consequence all that shall yet happen to him. You will find in one
world a very happy and noble Sextus, in another a Sextus content
with a mediocre state, ...

(Leibniz 1714, source in G.vi 363)
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Leibniz’s Modal Picture 11 '

Letter to Landgraf Ernst von Hessen-Rheinfels of April 12, 1686:
For by the individual notion of Adam I undoubtedly mean a perfect
representation of a particular Adam, with given individual condi-
tions and distinguished thereby from an infinity of other possible
persons very much like him, but yet different from him. .. There is
one possible Adam whose posterity is such and such, and an infin-
ity of others whose posterity would be different; is it not the case
that these possible Adams (if I may so speak of them) are different
from one another, and that God has chosen only one of them, who
is exactly our Adam?

Translation in Parkinson, PW 51. The source 1s G.11 20
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Leibnizian Scholarship I

Mondadori 1973: introduces the suggestion of using counterpart
theory to model Leibniz’s views.

Whereas for Lewis the counterpart relation is a relation on
individuals, “in Leibniz’s case, it 1s best regarded as being a
relation between (complete) concepts” (1973, 248).

This 1s explicitly built into the Leibnizian system described in
Fitch 1979.

So in Leibnizian modal metaphysics, the possible worlds are not
inhabited by Lewis’s possibilia, but rather by complete
individual concepts.

See also Wilson 1979, Vailati 1986, and Lloyd 1978.

We’ll have both a Kripkean and a Lewisian component in our
reconstruction of Leibniz (Zalta 2000).

Our Picture: intuitions sketched out diagrammatically.




00000

Some Definitions and Lemmas We’ll Need '

D! =4 [Ax O¥z(z#x — IF-(Fz = Fx))]
F D!'x - OD!x

=p=qs [Axy D!x & D!y & x=y]

FX=py — UOx=pYy

FOX=py > x=pYy

F[Ax & Aly & VF(xF = yF)] = x=Yy
FwEp = wE [Adyplx

FwEQ@P VY @Q=WEP V wEQg)
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Proof of a Lemma I

@ FX=py —> ULUx=pYy
@ Proof. Assume x=pYy. Then by the definition of =p,
Dix& Dly&x=y
But 1t 1s a theorem that D!x — OD!x (exercise), and so the first

two conjuncts imply, respectively, OD!x and OD'y. And by the
necessity of identity, the third conjunct implies Ox=y. Hence:

OD!x & OD!y & Ox=y
So by a basic theorem of modal logic:
ODIx & Dy & x=Yy)
Since it 1s a modally strict theorem that
x=py = Dlx & D!y & x=y, it follows by a Rule of Substitution
that Ox=py. »<
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Proof of a Lemma '

@ - Ox=py > Xx=pYy

@ Proof. By applying RN to the previous lemma, we know
O(x=py — Ox=py). Butin S3, it is a modally strict theorem
that O(¢ — OY) = O(Ge — ). Hence, by a Rule of Substitution
O(Ox=py — x=pYy). So by the T schema, Ox=py — x=py. =
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Proof of a Lemma '

@ F[AIx & Aly & VF(xF = yF)] —» x=y

@ Proof. Suppose Alx, Aly, and VF(xF = yF). By the definition of
=, we only have to show OVF(aF = bF). Pick an arbitrary
property, say P. So xP = yP. But, by the rigidity of encoding,
xP = OxP and yP = OyP. So 0OxP = OyP. This implies, by
propositional logic, either OxP & OyP or —OxP & —OyP. If the
former, then by modal logic, O(xP & yP). If the latter, then again
by the rigidity of encoding, it follows that =OxP & =OyP,™ 1.e.,
O-xP & O-yP, which by modal logic, implies O(—xP & —yP).
So either O(xP & yP) or O(—xP & —yP), which means that
necessarily, xP and yP have the same truth value, 1.e.,
O(xP = yP). But P was arbitrary, so VFO(xF = yF). Thus, by the
Barcan formula, OVF(xF = yF).

* Axiom: xF' — OxF. By RN: O(xF — OxF). By the principle: O(p — ¢) — (G — O), it follows that

OxF — oOxF. By the S5 principle ¢O¢ — O, this implies OxF — OxF. So —OxF — —OxF.
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Proof of a Lemma '

o rwkp = wk [dyplx

@ Since [Ay p]l, it follows from A-conversion that [dy p]x = p. So
by RN, O([Ay plx = p). This implies both O([Ay p]x — p) and
O(p — [Ay plx). (=) Suppose w | p. Then since O(p — [Ay plx)
and worlds are modally closed, it follows that w = [Ay plx. (<)
Suppose w = [Ay plx. Then since O([Ay p]lx — p) and worlds are
modally closed, it follows that w  p.

@ Exercise: To obtain a simpler proof, establish the lemma:

wE@=q) =(wEp)=(WwE q)). Then instantiate g to [y p]x.
The left-side of the result, w E (p = [Ay p]x) follows from the
Fundamental Theorem [Op = Yw(w | p)] and the fact that the

fact that p = [Ay p]x 1s provably necessary.
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Proof of a Lemma I

orwEpP@PV@Pd=WwEP V wEqg)

@ Proof. (—) Suppose w = (p V g). Suppose, for reductio, that
w £ p & w £ g. Then, by the maximality of possible worlds, we
know both w = —p and w E —g. Now by propositional logic, we
know that (p V ¢), —-p, and —¢q jointly imply a contradiction, say
r & —r. But since worlds are modally closed, we know that any
proposition necessarily implied by propositions true at w 1s also
true at w. Since we already have the facts thatw = (p V ¢q),
w E —p, and w | —gq, it follows from the fact that worlds are
modally closed that w = (r & —r), which contradicts the fact that
worlds are possible. (<) Exercise.
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Realization 1 '

Let u, v be restricted to discernible individuals
RealizesAt(u,c,w) =4 YF(w EFu = cF)

Facts about realization:

dudw(RealizesAt(u, c, w) & RealizesAt(u,d,w)) — c=d

Proof. Assume the antecedent, and let a and w; be witnesses:
RealizesAt(a, c,wi) and RealizesAt(a,d,w1). Then by the
definition of realization, we know both YF(w; E Fa = cF) and
VF(wi E Fa = dF). So, by the laws of quantified biconditionals,
it follows that VF(cF = dF). Since ¢ and d are concepts, they are
abstract. So, by the definition of i1dentify, c=d.
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Realization 11 '

@ Fact: dcdw(RealizesAt(u, c,w) & RealizesAt(v,c,w)) = u=v

@ Proof. Assume the antecedent and let ¢; and w; be witnesses:
RealizesAt(u, ci,w;) and RealizesAt(v, c1,wy), where c; 1s an arbitrary
concept and w; an arbitrary world (to show u=v). Then, by the definition of
realization, we know both YF((w; E Fu) = ¢ F) and VF((w; E Fv) = 1 F).
So by the laws of quantified biconditionals, we know:
VF((w; E Fu) = (w; E Fv)). [At this point, there are multiple ways to go:
(a) instantiate YF to [Ay u=py] and show that w; = u=pv, or (b) instantiate
VF to an arbitrary property and infer wy | (Fu = Fv) from
w1 E Fu = w; E Fv, and then show w; | u=pv.] Either way,
dw(w E u=pv). So Gu=pv, and hence u=pv and thus u=v.
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Realization 111 '

e Fact: dudc(RealizesAt(u, c,w) & RealizesAt(u,c,w')) - w=w'

@ Proof. For witnesses a and ¢, assume RealizesAt(a,cy,w) and
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RealizesAt(a, ci1,w'). So we know, by the definition of
realization, that VF((w & Fa) = ¢ F) and YF((W' E Fa) = 1 F).
So, by the laws of quantified biconditionals:

o YF((wE Fa) = (W E Fa)). ()
Suppose, for reductio, that w#w’. Then, since w, w’ are worlds,
and hence situations, we know from theorems of situation theory
that there must be a proposition true at one and not the other.
Without loss of generality, assume w = g and =(w' = ¢), where ¢
1s arbitrary. From the former, it follows by a Lemma about
worlds that w = [y gla. So, in light of (:}), it follows that
w' E [Ay gla. So again by our Lemma about worlds, w’ = g.
Contradiction.
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Appearance and Mirroring I

AppearsAt(c,w) =g JuRealizesAt(u,c,w)

AppearsAt(c,w) — Alu(RealizesAt(u, c,w))

Proof. Assume AppearsAt(c,w). By the definition of appearance,
it follows that for some discernible individual, say b, that
RealizesAt(b, c,w). To show uniqueness, assume

RealizesAt(a, c,w), where a 1s discernible (to show a=>). But
this follows immediately by a fact about realization.

@ Mirrors(c,w) =4 Yp(cZp = wp)

@ AppearsAt(c,w) — Mirrors(c,w)
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Proof. Suppose AppearsAt(c,w). So c 1s realized by some discernible object,
say b, at w; 1.e., VF((w | Fb) = cF). By definition of |, this is just:
VF((WXFb) = cF) ()

We want to show, for an arbitrary proposition g, that cXg = wXq. (—)
Assume cXgq, 1.e., c[Ay g]. So, by &, wXZ[Ay g]b, 1.e., w E [1y g]b. And by our
Lemma about worlds, it follows that w g, 1.e., wXq. (<) Reverse the

reasoning.
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Another Fact About Realization I

@ dc(RealizesAt(u, c, w) & RealizesAt(v,c,w")) = (w=w' & u=v)

@ Proof. Assume RealizesAt(u, ¢, w) and RealizesAt(v,ci,w'). We show: (1)
w=w', and then (2) u=v. (1) From our two assumptions and the definition of
appearance, we know that AppearsAt(cy, w) and AppearsAt(ci,w’). So, by the
previous theorem, it follows both that Mirrors(ci, w) and Mirrors(ci,w’). We
may infer from these, by the definition of mirroring, that Vp(c;2p = wXp) and
VYp(c1Zp] = w'Zp). By the definition of X, we therefore know
Yp(ci[Ay p] = wldy p]) and Yp(c[Ay p] = w'[Ay p]). So by the laws of quantified
biconditionals, we know Yp(w[Ay p] = w/[Ay p]), i.e., Yp((w E p) = (W E p)).
But since w and w’ are both worlds, and hence situations, it follows by a fact
about the identity of situations, that w=w’. (2) From (1) and the second of our
hypotheses, it follows that RealizesAt(v, ¢, w). From this, and the first of our

hypotheses, it follows by a fact about realization that u=v.
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Fact About Appearance I

e dc(AppearsAt(c,w) & AppearsAt(c,w')) — w=w'

@ Proof. Assume AppearsAt(cy, w) and AppearsAt(ci,w’). Then,
by the definition of appearance, we know that there 1s some
discernible individual, say b, such that RealizesAt(a, c1,w), and
some discernible individual, say b, such that
RealizesAt(b, c1,w"). So by the last fact about realization, it
follows that w=w'.
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Individual Concepts

@ IndividualConcept(c) =4 dwAppearsAt(c,w)
@ IndividualConcept(c,)
@ Pr OOf. (There is a x-proof from x-facts w, E p = p (Lecture 5) and ¢,G = Gu (Lecture
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6).) Instead: use (w,, E p) = dp (exercise). It suffices to show AppearsAt(c,, w,). Let P be
an arbitrary property. By definition of ¢, and strict Abstraction, we know ¢, P = dlPu. And
by our exercise, (w, E Pu) = dlPu. Hence, (w,, E Pu) = ¢, P. Since P was arbitrary,
RealizesAt(u, c,, w,) .. uRealizesAt(u, c,, w,) .. AppearsAt(c,, w,)

- AwAppearsAt(c,, w).

Leté,d.e, ... range over individual concepts

dwAppearsAt(c, w)

Pri OOf. By definition of ¢, AwAppearsAt(¢, w), say wi. For reductio, suppose

AppearsAt(c, wy), where w, #w;. Without loss of generality, assume that w; | p and w; [~ p.
By maximality, w, | —p. But, by a previous theorem, ¢ mirrors wy, since it appears there. So
since w; [ p (i.e., w1 Xp), we know ¢Xp. But ¢ also mirrors w;, since it appears there as well.
So, from our last fact, w,Xp, i.e., wo | p, contradicting the consistency of wy.

we =qr WWAppearsAt(C, w)




Completeness I

o Complete(c) =4 YF(cF V cF) (where F = [Ax —~Fx])
@ Complete(C)

@ Proof. By definition, ¢ appears at some world and so is realized
by some discernible object, say b, at some world, say wj.
Consider an arbitrary property P. By logic alone, O(Pb VvV —Pb).
Furthermore, the following i1s a consequence of A-conversion:
O(Pb = —=Pb). Now by modal propositional logic, it follows that
O(Pb v Pb). So by a fundamental theorem of world theory,
w1 | (Pb v Pb). By a previous Lemma, it follows that
wi E Pb V wy E Pb. But since ¢ is realized by b at wi, we know
that VF(¢F = wy [ Fb), from which it follows that ¢P v ¢P.
Since P was arbitrary, ¢ 1s complete.
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Compossibility I

The intuitions sketched out diagrammatically.
Compossible(¢,e) =gr Aw(AppearsAt(C,w) & AppearsAt(e, w))
Compossible(c, e) = wp = w; (Lemma)

Proof. Assume Compossible(c, e). Then by definition, there 1s a
world, say wi, where they both appear. But then, since every
individual concept appears at a unique world, and the world
where an individual concepts appears 1s well-defined, it follows
that w; = wg and w1 = w;. So wp = w;. («—) Clearly, if wp = wy,
there 1s a world where they both appear.
Compossibility 1s an equivalence condition on individual
concepts:

e Compossible(c,C)

o Compossible(c,e) — CompOSSible(é,Aé‘) A

e Compossible(c,e) & Compossible(e,d) — Compossible(¢, d)




Compossibility is an Equivalence Condition I

@ Proof of Reflexivity: Let ¢ be any individual concept. Then, by
definition, dw Appear(c,w). So
dw(Appear(c,w) & Appear(c,w)). So, by definition,
Compossible(c, c).

@ Proof of Symmetry: Suppose Compossible(c, e). Then, by
definition, Aw(Appear(c, w) & Appear(e,w)). So, by predicate
logic and the laws of conjunction,
dw(Appear(e,w) & Appear(¢,w)). So Compossible(e, ). »<

@ Proof of Transitivity: Suppose Compossible(c, e) and
Compossible(é, d). Then, by the compossibility Lemma, wy = w;
and w, = wy. So, by transitivity of 1dentity, we = wy. So, again
by a previous theorem, Compossible(¢, d).
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Counterparts I

@ CounterpartOf(e,c) =gy
JuIAwIw' (RealizesAt(u, ¢, w) & RealizesAt(u, e,w'"))

@ CounterpartOf1is an equivalence condition on individual
concepts.

@ CounterpartOf(c, )

@ Proof. Suppose IndividualConcept(c). Then by the definitions of
individual concepts and appearance, we know there 1s an
discernible individual, say b and a world, say wq, such that
RealizesAt(b, ¢, wy). So, conjoining this fact with itself, we have
RealizesAt(b, ¢, w1) & RealizesAt(b, ¢, w1). By three applications
of existential generalization, we have:

u, w, w'(RealizesAt(u, ¢, w) & RealizesAt(u, ¢, w'")).

So, by the definition of counterparts, CounterpartOf(c, ).
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CounterpartOf is a Partition: Symmetry I

@ CounterpartOf(e,c¢) — CounterpartOf(c, e)

@ Proof. Assume CounterpartOf (e, ¢). Then there is an discernible
object, say b, and worlds w1, w», such that RealizesAt(b,e,w1) &
RealizesAt(b, ¢, w»). So, reversing the order of the conjuncts, we

know:
RealizesAt(b, ¢, w>) & RealizesAt(b, e, w;)
It follows therefore that:
Ju, w, w (RealizesAt(u, ¢, w) & RealizesAt(u, e, w"))

So by the definition of counterparts, CounterpartOf(c, e).

Edward N. Zalta zalta@stanford.edu




oJe] Jele)

Edward N. Zalta zalta@stanford. edu

CounterpartOf is a Partition: Transitivity I

o CounterpartsOf(e,d) & CounterpartOf(d, ¢) —
CounterpartOf (e, C)

o Proof of Transitivity. Assume CounterpartOf (e, d) and
CounterpartOf(d, ¢). Then for some discernible objects a, b and
worlds wi, wy, w3, wg, we know following facts:
RealizesAt(a, e, w,) & RealizesAt(a, d, w») (V)
RealizesAt(b, d, ws) & RealizesAt(b, &, w.) (&)
From the 2nd conjunct of (#) and the 1st conjunct of (£), we may
apply a Another Fact About Realization, to conclude: wy, =wj3
and a=>b. So substituting b for a in the 1st conjunct of (), we
may conjoin the result with the 2nd conjunct of (£) to obtain:
RealizesAt(b, e, wy) & RealizesAt(b, ¢, wy)
It therefore follows that:
Ju, w, w'(RealizesAt(u, e, w) & RealizesAt(u, ¢, w")),

from which it follows that CounterpartOf (e, ¢), by definition.
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Lemmas concerning Counterparts I

@ + CounterpartOf(e,cC) =
ANuIwIw' (RealizesAt(u, ¢, w) & RealizesAt(u, e,w"))

Q Proof. Assume CounterpartOf (e, ¢). Then by the definition of
counterparts, there is an discernible object, say a, and worlds, say, w;
and w», such that:

RealizesAt(a, e, w;) & RealizesAt(a, ¢, wy)
To prove uniqueness, assume for an arbitrary discernible object b,
RealizesAt(b, e, wy) and RealizesAt(b, ¢, wy) (to show b=a). But since
we have both Realizes(a, e, wy) and RealizesAt(b, e, w;), it follows that
b=d, by a Fact about Realization.
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The Concept of u at World w I

@ ConceptOfAt(c,u,w) =g YF(cF = wEFu)

@ The concept of u at w (“c;,”) =4 1cConceptOfAt(c, u, w)
@ Lemmas:

c,G=wE Gu

RealizesAt(u, ¢}/, w)

AppearsAt(c),w)

IndividualConcept(c)))

Mirrors(cy, w)

' =c - w=w &u=v)
Compossible(c)), ¢,

CounterpartOf (c¥, c)
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The Fundamental Theorems '

Fundamental Theorem 1 (instance): If Alexander is a king but might not have been, then

both (1) the individual concept of Alexander contains the concept king, and (2) there is a
(complete) individual concept that is a counterpart of the concept of Alexander that doesn’t
contain the concept king and which appears at some other possible world.
*x+ (Fu & O-Fu) — [e, > cr &
dA¢(CounterpartOf (¢, c,) & ¢ % cr &
dww#w, & AppearsAt(c,w)))]

Fundamental Theorem 2 (instance): If Alexander isn’t a philosopher but might have been,
then both (1) the individual concept of Alexander doesn’t contain the concept philosopher,
and (2) there is a (complete) individual concept that is a counterpart of the concept of
Alexander that does contain the concept philosopher and which appears at some other
possible world.
*x+ (=Fu & OFu) — [e, # cr &

d¢(CounterpartOf(¢,c,) & ¢ > cr &

dw(w#w, & AppearsAt(c,w)))]
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Proof of Fundamental Theorem 1 '

Assume Fu & O—Fu, to show:

a. c, = Cr

b. A¢(CounterpartOf(¢,c,) & ¢ * cr &
dw(w#w, & AppearsAt(c,w)))

C, = CF By 1st conjunct and a prior theorem.
dw(w E—-Fu) By 2nd conjunct and world theory.
Suppose wi E—-Fu (wp arbitrary)
Consider ¢, ".

IndividualConcept(c),") (and so Complete(c,")) (theorems)
CounterpartOf(c,', ¢,), since ¢, = ¢, * and

CounterpartOf(c,', c,’)

c,' # cp: wy I Fu, so —~c,'F, by a previous lemma. But cgF, so
cr encodes F and ¢;,' doesn’t.

W1 # We: Fu implies w, E Fu (x-theorem); w; £ Fu (assumed)
AppearsAt(cy', wy): (instance of a previous lemma).




Observations I

@ We’ve captured the distinguishing features of Leibniz’s
metaphysics of individual concepts.

@ We can get modally strict theorems by adding actuality operator.

@ The metaphysics has a Kripkean and a Lewisian component.
Kripkean: an object has properties at all worlds; Lewisian:
counterpart theory explains truth conditions of modal claims
(though, for us, it relates concepts and 1s an equivalence
condition).

@ If monads are complete individual concepts, then an ambiguity
in predication explains why L thinks they ‘are alive’, etc.
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